We point out two ways to search for low-mass axion dark matter using cosmic microwave background (CMB) polarization measurements. These appear, in particular, to be some of the most promising ways to directly detect fuzzy dark matter. Axion dark matter causes rotation of the polarization of light passing through it. This gives rise to two novel phenomena in the CMB. First, the late-time oscillations of the axion field today cause the CMB polarization to oscillate in phase across the entire sky. Second, the early-time oscillations of the axion field wash out the polarization produced at last-scattering, reducing the polarized fraction (TE and EE power spectra) compared to the standard prediction. Since the axion field is oscillating, the common (static) 'cosmic birefringence' search is not appropriate for axion dark matter. These two phenomena can be used to search for axion dark matter at the lighter end of the mass range, with a reach several orders of magnitude beyond current constraints. We set a limit from the washout effect using existing Planck results, and find significant future discovery potential for CMB detectors searching in particular for the oscillating effect.
the difference in the values of the axion field at the emission and the absorption of the photon, and is independent of the details of the behaviour of the axion field along the photon trajectory. 5 Applying this understanding to the polarized fraction of the CMB, we find two main phenomenological implications: (1) there will be an AC oscillation, at the axion oscillation period, of the CMB polarization pattern on the sky as measured today, arising as a result of the local DM axion phase evolving over the total lifetime of a CMB experiment; and (2) given that a DM axion must oscillate many times during the CMB decoupling epoch, there is a necessity in the line-of-sight approach to computing CMB anisotropies [113] to average the axion-induced linear polarization rotation angle over all possible axion field phases explored during the decoupling epoch: this 'washes out' the polarization, leading to a reduction of the net polarization fraction of the CMB light as compared to the ΛCDM expectation. Relatedly, the cancellations inherent in having a fast-oscillating axion field at the decoupling epoch result in only a highly suppressed net rotation of the CMB linear polarization angle at any point on the sky as compared to a naïve estimate of the effect made taking into account only the axion field magnitude at decoupling.
The polarization washout effect is quadratic in the early-time axion field times the axion-photon coupling (i.e., g 2 φγ φ 2 * , a small parameter), and existing Planck CMB measurements constrain g φγ φ * 1.5 × 10 −1 (future, cosmicvariance-limited reach: g φγ φ * 5.7×10 −2 ). Normalizing the axion field φ * to be all the dark matter at the decoupling epoch, a m φ ∼ 10 −22 eV dark-matter axion is excluded for g φγ 1.4×10 −13 GeV −1 (future: g φγ 5.1×10 −14 GeV −1 ). The AC effect is linear the late-time axion field times the axion-photon coupling (i.e., g φγ φ 0 , a small parameter); taking an informed estimate for the present detectable amplitude of the AC oscillation to be 0.1 • (future assumed reach: 0.01 • ) allows a reach of g φγ φ 0 ∼ 3.5×10 −3 (future: g φγ φ 0 ∼ 3.5×10 −4 ). However, the local dark-matter density is smaller than that at decoupling, φ 0 /φ * ∼ 10 −2 , with the resulting sensitivity to a m φ ∼ 10 −22 eV dark-matter axion from the AC effect being g φγ ∼ 2.3 × 10 −13 GeV −1 (future: g φγ ∼ 2.3 × 10 −14 GeV −1 ), comparable to that of the washout effect given current sensitivities. Both effects have a reach a few orders of magnitude beyond existing bounds for the lightest possible fuzzy axion dark matter masses. The AC effect, being linear in the axion-photon coupling and not cosmic-variance limited, has better potential future reach than the washout effect.
Our work is complementary to, and not in conflict with, the many existing analyses cited in Sec. I that consider the distinct phenomenology that arises for pseudoscalars that vary slowly on cosmological timescales. The effects we note, arising from the faster-oscillating DM axions, are new. We defer a detailed comparison to previous work considering DM axions to the body of the paper.
In the remainder of this paper, we review how the axion-induced modifications to Maxwell's equations give rise to a photon polarization rotation effect (Sec. III), which we then employ in a series of increasingly realistic toy models (Sec. IV) designed to illustrate the resulting washout and oscillation phenomenology, building up to our analysis of the CMB (Sec. V) and main results (Fig. 2) . After discussing past work (Sec. VI), we conclude (Sec. VII). Additional details are given in Appendices A and B.
III. AXION ELECTRODYNAMICS
We consider the action
where g is the metric determinant, A µ is the photon, F µν ( F µν ) is the (dual) field-strength tensor, J µ is the EM current, φ is the axion, and g φγ is the axion-photon coupling constant, which has mass-dimension −1; throughout this paper, we will assume that V (φ) = 1 2 m 2 φ φ 2 . It is well known that the axion-photon coupling gives rise to modifications to electrodynamics in an axion field background [114] . As we show in detail in Appendix A, if we specialize to a homogeneous, isotropic FLRW universe with scale factor a, working in the conformal-comoving co-ordinate system (η, x) where η is conformal time such that the line element is ds 2 = [a(η)] 2 dη 2 − dx 2 , and we assume that the axion background field varies along only the x 3 = z spatial direction, 6 φ(η, x) = φ(η, z), the photon equations of motion admit the following approximate plane-wave solution [50] :
is the difference in axion phase between absorption at (η, z) and emission at (η , z ), and where we have defined the opposite-helicity transverse photon degrees of freedom
This approximate solution holds in the regime where the axion field varies in space and time much more slowly than the photon field; see Appendix A.
The leading effect of the opposite-sign corrections to the two helicity modes A σ shown in Eq. (3) is to cause a rotation of the linear polarization of the electromagnetic field by an angle ∆θ ∝ g φγ ∆φ, where ∆φ ≡ φ(η abs. , x abs. ) − φ(η emit , x emit ) is the difference of the axion field values at photon absorption and photon emission.
Explicitly, the electric field E ⊥ ≡ (E x , E y ) t in the plane transverse toẑ undergoes a clockwise rotation as viewed by an observer looking back toward the source of the photon (i.e., an observer directing their view in the (−ẑ)-direction):
where
where the redshift factor correctly accounts for the fact that radiation redshifts in an FLRW universe as ρ ∝ E 2 ∝ a −4 , and in this expression for the fields we have neglected terms ∝ g φγ ∂ η φ/ω 1; we also sum over repeated indices assuming a 3-metric equal to the identity. The rotation effect is independent of the frequency of the light.
It is worth reiterating that, from Eq. (6), the E ⊥ -field rotates through a angular excursion ∆θ = g φγ 2 ∆φ(η abs. , x abs. ; η emit ,
where C is the path of the photon in spacetime from the point of emission to the point of absorption, and n µ is the null tangent vector to C. This form of the result makes clear that it is indeed a cumulative integrated effect along the whole path of the local derivative axion-photon coupling in Eq. (1). 7 We emphasize strongly that the net rotation effect is independent of the details of the axion field configuration along the photon path at all points between emission and absorption: the net rotation depends only on the initial and final axion field values [50] . It is immediate from this understanding of the effect that treating the net rotation angle arising from a photon passing through multiple different coherently oscillating axion patches as a stochastic process of random jitters in the polarization angle, as has been done in number of recent works, is incorrect; see further discussion in Sec. VI.
IV. SIMPLE TOY MODELS
In this section we demonstrate the impact of the polarization rotation effect elucidated in Sec. III in the context of a series of three related, simplified toy models designed to bear broad similarity to an observer detecting polarized photons emitted from the CMB surface of last scattering. The third model essentially gives all the physics underlying our results for the effect of a DM axion on the CMB. 
A. Minkowski spacetime, source at one instant of time
To avoid a number of the initially distracting complexities of FLRW spacetime, we will first work in Minkowski spacetime with a ≡ 1 in this subsection. First consider an observer at x obs. = (t, 0), receiving photons from a distant source localized on the fixed-time surface x source = (t , D(t, t )n), wheren ≡ sin ϑ cos ϕx + sin ϑ sin ϕŷ + cos ϑẑ is the direction from observer to source, and the distance D(t, t ) ≡ t − t is such that x obs. and x source are light-like separated. Suppose that in an observation time δt π/m φ , the observer receives from the source at random times within that interval a total of (N + M ) photons, with N of those photons having been emitted as linearly polarized along theê 1 -direction at the source, and M of the photons having been emitted as linearly polarized along thê e 2 -direction at the source. We takeê 1 ≡ cos ψê ϑ (n) + sin ψê ϕ (n) andê 2 ≡ − cos ψê ϕ (n) + sin ψê ϑ (n), wherê e ϑ (n) ≡ cos ϑ cos ϕx + cos ϑ sin ϕŷ − sin ϑẑ andê ϕ (n) ≡ − sin ϕx + cos ϕŷ; see Fig. 1 . 8 We are agnostic here to the mechanism generating the polarization, but assume it to be an immutable, constant characteristic of the source (in particular, we assume the fractions of photons of each polarization in any sized sample of photons do not change).
Assume further that this entire setup occurs in a near-homogeneous background axion field φ(t, x) (i.e., |∂ t φ| |∇φ|); this implies that φ obs. (t) ≡ φ(t, 0) ≈ φ 0 cos(m φ t+α) and φ source (t, t ) ≡ φ(t , D(t, t )n) ≈ φ 0 cos(m φ t +β(t−t )), with α and β(t−t ) being some phases, in general different by O(π) because we will assume that D is much larger than either π/m φ or the larger axion field coherence length ∼ π/(m φ v). Note that, as written here, β(t − t ) = β(D(t − t )) is also supposed to capture additional phase variation not made explicit in the m φ t term, due to the small spatial gradients of the axion field; as a result of the assumed near-homogeneity,
π. Suppose our observer has a polarization-sensitive detector with two sensors, oriented such that one sensor is sensitive to polarization along theê ϑ (n)-direction, and the other is sensitive along the orthogonalê ϕ (n)-direction. The observer determines the Stokes parameters (see Appendix B) characterizing the incoming photons by performing an incoherent sum over the individual photons received from directionn during the observation time δt:
where I i,j , Q i,j , and U i,j are the Stokes parameters as defined in Appendix B, computed with the electric fields of each individual photon. At the source, E i (t , Dn) ∝ê 1 for i = 1, . . ., N , while E j (t , Dn) ∝ê 2 for j = 1, . . ., M . However, we know from Sec. III that the linear polarizations of each individual photon will rotate in a (counter-)clockwise direction when ∆φ > 0 (< 0), as viewed by an observer looking in then-direction, due to the axion oscillation between photon emission and photon absorption:
, and E 0 is the field amplitude at the observer, which we assume to be the same for every photon. Therefore, the observer will measure 9
where we have defined ≡ (N − M )/(N + M ) as an intrinsic polarization asymmetry of the source, and (Q ± iU ) 0 (n) to be the values that would be measured in the axion decoupling limit g φγ → 0. From this setup we can immediately observe one interesting signal: suppose we made two sets of measurements of I(n), Q(n), U (n) at times t 1 and t 2 , separated by something on the order of |t 1 − t 2 | ∼ O(π/m φ ), using integration durations δt π/m φ for each measurement. I(n) is the same at both times and, by virtue of the fact that β varies slowly on scales ∼ π/m φ , we can write
Therefore, Q(n) and U (n) will be observed to rotate into each other as a function of t 2 (for fixed t 1 ) as though the detector angle ψ were being oscillated with a period ∼ 2π/m φ and excursion amplitude g φγ φ 0 /2. In other words, we will see an axion-induced 'AC oscillation' of the Q(n) and U (n) Stokes parameters measured to be emitted from a light-like separated source located on a fixed-time surface in the past, assuming that the source properties are otherwise fixed over the relevant timescales, and the source has some intrinsic net polarization asymmetry.
B. Minkowski spacetime, source smeared in time
The toy model of Sec. IV A fails to account for a situation in which the source is not localized at one point in time on the past lightcone of the observer; we extend the model to that case in this subsection.
We continue in Minkowski spacetime with a = 1. Suppose now that our source is otherwise unchanged from the toy model of Sec. IV A, but that there is instead a smeared region along the past lightcone of the observer which contributes all the photons arriving at the observer within a time interval δt around the time t. That is, instead of being localized at x = rn = Dn at one fixed instant of time t , it is rather the case that our source has some unit-normalized probability density function (PDF) g(t ) to be spatially located at x k = r kn = D kn = (t − t k )n at the time t = t k when it emits each of the k = 1, . . ., N + M photons that the observer receives in the δt-interval around time t. 10 We will assume g(t ) has non-negligible support only in the regiont
, the duration T of the photon emission / source smearing is small compared to the distance to the source, but large compared to the axion period. 11 We will additionally assume that 2π|∂ t g(t)| m φ , so that g(t) is fairly constant on one axion period.
In this second case, the expressions for the observer-measured Stokes parameters are modified to account for fact that each individual photon has its own value of ∆φ:
9 Note that a right-handed rotation of the axes (ê ϑ (n),êϕ(n)) by an angle ξ (i.e., a clockwise rotation of the axes (ê ϑ (n),êϕ(n)) as viewed in the right panel of Fig. 1 ) would send ψ → ψ − ξ, with the resulting transformation Q ± iU → e ∓2iξ (Q ± iU ). 10 Note that (x k − x observer ) 2 = (t − t k ) 2 − D 2 k = 0; the photons are emitted at slightly different times and distances, such that they all arrive at the same instant at the observer. 11 Had we instead assumed the hierarchy t − t π/m φ T , such that the axion field oscillates slowly during the period of photon emission, we would recover the result of Sec. IV A.
with t k the emission time for photon k. For fixed t, and assuming that we are in the limit where N and M are large enough that we may pass to the continuum limit (i.e., we have large photon statistics), we have
Now,
although β(t−t ) can vary by O(π) on timescales ∼ T , we still have the scale separation
We can thus separate the integration domain into a large number of subdomainst
π, so that we may take β(t −t ) ≈ β(t −t n ) ≡ β n to be independent oft in each subdomain. Moreover, we have assumed that g(t ) varies slowly on the timescale δt , and so may approximate g(t ) ≈ g(t n ) ≡ g n in each subdomain:
where (Q ± iU ) 0 are as before the values that would be measured in the axion decoupling limit g φγ → 0. We also used that g(t) is a unit-normalized PDF, and the integral representation of the Bessel function of the first kind, J 0 (x):
π −π dx exp [iA + iB cos(x + δ)] = 2πe iA J 0 (B). 12 We thus see again that there will be an 'AC effect' ascribable to the axion field oscillation at the observer: a time-varying rotation of Q(n) and U (n) into each other as though the detector were being rotated about then-axis through an angular excursion of amplitude g φγ φ 0 /2 at period 2π/m φ .
We also now find a new 'washout' effect ascribable to the axion field oscillating rapidly at the source: the 'smearing' of the source in time leads to a smearing of polarizations measured in any arbitrary fixed observer frame (provided the source is not varying), leading to an effective reduction in the polarized fraction interpreted to be produced at the source: → J 0 (g φγ φ 0 ). We note that this second effect is only valid in the regime in which the emission does not occur during a period rapid compared to the axion oscillation frequency (i.e., that we have T 2π/m φ ); in the opposite limit (T 2π/m φ ), the results of Sec. IV A would apply instead. Finally, we emphasize that, in this regime, there is no unsuppressed leading-order rotation of the polarization axis that arises from the axion field behaviour at the source [4, 10] , in sharp contrast to the usual treatment of static 'cosmic birefringence' which assumes a setup closer to our initial case from Sec. IV A, with T 2π/m φ . We do however note that we have in our above derivation neglected the 'last partially uncancelled oscillation' which would lead to a residual overall rotation from source to observer that is power-law suppressed by ∼ (m φ T ) −1 compared to the naïve estimate of an O(g φγ φ 0 ) rotation (note that we disagree on the size of the suppression compared to Ref. [10] , which claims an exponential ∼ e −m φ T suppression).
If we imagined the extension of the preceding analysis to a collection of sources at different angular positionsn with respect to the observer, and all beaming photons toward the observer, and analyzed how the polarization from each location would be impacted, our conclusions would hold point-by-point: there is a Q(n) ↔ U (n) oscillation driven by the axion field at the location of the observer, and a second-order reduction in the Q(n) and U (n) values arising from the axion field oscillating many times during the emission from the smeared source.
C. FLRW spacetime, source smeared in time
Consider the third and final toy model, which will be taken to be similar to the model in Sec. IV B, with two exceptions: (a) the analysis will be conducted in an FLRW spacetime instead of in Minkowski spacetime, and (b) instead of assuming near-homogeneity of the axion field across our entire setup, the axion field at the source will be taken to be approximately the axion field as it would be at the epoch of CMB last scattering, while the axion field at the observer will be taken to be the axion field as it would be locally in the Milky Way (MW).
Since the analysis of Sec. III (or, more specifically, the detailed derivation in Appendix A) indicates that the polarization rotation effect operates in FLRW the same as it would in Minkowski, (a) is an almost trivial change: we simply locate the observer at x obs. = (η, 0) and have the source for each of the (N + M ) photons located at x source, n = (η n , D nn ), where D n ≡ D(η, η n ) ≡ η − η n is the co-moving distance between the observer and source, and η is conformal time. We assume that η n is drawn from the distribution g(z(η )) with g(z) the visibility function, which we will take to be localized around z = z * , where z * is the redshift of last scattering. 13 To evaluate the axion field at the source, we consider the axion field equation, Eq. (A1), ignoring the source term on the RHS, and assume that spatial gradients are irrelevant: |∇φ|/a |∂ t φ|. Moreover, we evaluate the axion equation of motion in the FLRW spacetime describing our universe:φ
where we definedφ(t) to factor off the dominant scale-factor dependence of φ(t), and we used the Friedmann equations to trade out derivatives of a for the total pressure from all sources:
where Ω 0 i ≡ ρ i (t 0 )/ρ c are the present-day fractional energy densities. But then using Ω 0
Using the latest Planck (TT,TE,EE+lowE+lensing+BAO) results [115] , Ω 0 Λ = 0.6889 (56) , Ω 0 M = 0.3111(56), z eq. = 3387 (21) , z * = 1089.89 (21) , and H 0 = 67.77 (42) 
As we will be assuming that z ∼ z * within ∼ 20% in this section, the [ · · · ] bracket in Eq. (28) is negligibly different from 1, and we can write
where φ * (n) is a normalization that in principle we allow to vary across the sky, β is a phase, and z = z(t ) is the redshift. If the axion constitutes a fraction κ of all the cold dark matter at the average redshift of decoupling, and we ignore the small matter perturbations at decoupling which would give rise to variations of φ * (n) across the sky, we have
where we used the Planck result Ω 0 c h 2 = 0.11933(91) [115] . In evaluating the axion field at the observer, we will use the axion field local to us in the MW:
where α(t) is a phase approximately constant on timescales shorter than the axion coherence time t coh. ∼ 2π/(m φ v 2 0 ) with v 0 the MW virial velocity, and we will take φ 0 to be normalized such that the axion field constitutes a fraction κ of the local DM density, ρ 0 ≈ 0.3 GeV/cm 3 :
The reader will note that the axion field normalizations given at Eqs. (36) and (39) differ by only two orders of magnitude, which is understood by virtue of the fact that ρ ∝ φ 2 , our galaxy is locally overdense compared to the present-day critical density (ρ c ∼ 4.8 × 10 −6 GeV/cm 3 ) by roughly 5 orders of magnitude, and the dark matter in the universe around last scattering was ∼ (1 + z * ) 3 ∼ 10 9 times denser that the present-day critical density; the fact that these two normalizations, φ * and φ 0 , are not wildly dissimilar will be important.
Most of the analysis of Sec. IV B now goes through as before, with the exception that we need to additionally note that in a time period
z, so that at the step analogous to the subdivision of the integration domain just above Eq. (23), we may write 1 +z ≈ 1 +z n in each subdomain: 14
where (Q ± iU ) 0 are as before the values that would be measured in the axion decoupling limit g φγ → 0, and where for convenience we defined g(t ) ≡ g(z)(dz/dt ), as well as a visibility-function-weighted average axion field amplitude at decoupling:
where the latter approximate equality holds since g(z) is fairly strongly peaked aroundz = z * . Within the context of this most-developed toy model, we see the same overall effects as in Sec. IV B, with the magnitude of the AC oscillation effect now explicitly seen to be governed by the amplitude of the local axion field value, and the magnitude of the washout effect controlled by a visibility-function-weighted average of the axion field amplitude at last scattering. Finally, in the limit where g φγ φ 0, * 1, so that all the axion effects are small, Eq. (45) immediately tells us that the effect of φ * manifests itself only quadratically in the reduction of the Stokes Q(n) and U (n) parameter amplitudes (J 0 (x) ∼ 1 − x 2 /4 for small x), while the effect of φ 0 appears linearly in the amplitude of the oscillating Q(n) ↔ U (n) rotation at period 2π/m φ . Therefore, despite the hierarchy g φγ φ 0 ∼ 10 −2 g φγ φ * 1, it is incumbent upon us in what follows to keep track of both the washout and the AC effect, as it is not a priori clear how the magnitudes of (g φγ φ * ) 2 and g φγ φ 0 will compare in the relevant part of parameter space. In other words, even though the axion field is larger at last scattering than today, the washout effect is quadratic while the AC effect is linear in the axion field, so both effects could be important.
V. CMB OBSERVABLES AND LIMITS
By construction, the toy model results of Sec. IV C give a good approximation to the effects to be expected in the realistic CMB case: a polarization power washout on all (pristine; see comments below) scales, and an AC oscillation effect at period 2π/m φ , with the size of the effects given by Eq. (45) . As the polarization rotation effect we are considering impacts only the propagation, and not (at least at leading order) the production, of polarized photons, it is not necessary at the level of accuracy required for the present work to modify any publicly available CMB codes (e.g., cmbfast [113] , camb [118] ) to explicitly track the washout effect through the decoupling epoch. 15 We judge that simply taking the usual output of unmodified CMB codes, and transforming the output polarizations in the manner indicated by Eq. (45) is sufficient, with one exception discussed below. Furthermore, note that the visibility function g(z) appears only in the average φ * , and our results are thus insensitive to its exact shape, so long as it is strongly peaked near z ∼ z * , but slowly varying on the timescale of one axion oscillation; in the relevant region of axion mass parameter space, this is always the case with any physically reasonable g(z).
While the washout effect can be constrained using current publicly available CMB power spectrum data (from, e.g., Planck [115] ), a correct treatment of the AC oscillation effect necessarily requires access to non-public time-series CMB polarization data, and demands a more rigorous treatment of experimental systematics than is appropriate for the scope of the present work. Therefore, while a combined approach considering both effects simultaneously would be preferable, we will instead present two independent estimates for the reach of each effect: (a) the current reach for a washout-only search using the sensitivity of current Planck [115] CMB power spectra, as well as a projection for future reach; and (b) the approximate reach attainable by a detailed time-series analysis as informed by the statistical power of current DC searches for cosmic birefringence, as well as a minimal projection for possible future reach.
A. Washout of polarization
For the purposes of the washout analysis, we neglect the local oscillating axion field, and consider the washout effects via their impact on the CMB T T , T E, and EE auto-and cross-correlation power spectra. 16 In harmonic-space all-sky CMB analysis (see, e.g., Ref. [122] ), the observed temperature maps T (n) are decomposed over a basis of scalar spherical harmonics, and the observed Q(n) and U (n) maps are decomposed over a basis of spin-weight-2 spherical harmonics:
from which the E and B modes are constructed as [122] a E,lm ≡ − 1 2 (a +2,lm + a −2,lm )
15 In connection with any such approach however, we do caution the reader that some care may be required when the axion field oscillates many (thousands of) times during the decoupling epoch, as an accurate evaluation of the time integrals over the polarization source functions (see, e.g., Ref. [113] , and modifications in Refs. [74, 87, 107, 108] ) do require a much finer time-sampling than would ordinarily be required in the case of standard ΛCDM, in order not to alias over the axion oscillations. 16 In considering full-experiment combined maps produced by, e.g., Planck, we will be implicitly averaging over the local axion phase evolution too, as each point on the sky was revisited multiple times over the multi-year duration of the Planck experiment (see, e.g., footnote 34 of Ref. [121] ) and such repeat observations were obviously combined without making any corrections for an actual on-the-sky variation of the CMB polarization arising in the manner we consider in this work. However, since the local axion field amplitude is noticeably smaller than the field amplitude at decoupling, φ 0 ∼ 10 −2 φ * , this second averaging / washout effect should not dramatically alter the prediction for the polarization reduction which we obtain considering only the axion field behaviour at the decoupling epoch. Reach for current and future searches for the washout and AC oscillation effects induced by an axion field of mass m φ constituting all of the dark matter (κ = 1, in the notation of Sec. IV C). We find that the green shaded region is excluded on the grounds that a reduction in the predicted polarization amplitude of at least 0.58% is in conflict at 95% confidence with Planck measurements [115] ; see Sec. V A 2. The dashed green line indicates how the bound would improve if the 95%-confidence upper limit on the fractional reduction were improved to 0.082%, our projection for the sensitivity if all three of the power spectra C T T,T E,EE l were measured to the cosmic-variance limit out to lmax = 3000 (assuming the Planck sky coverage, f sky = 0.577); see Sec. V A 3. The dash-dotted red line indicates where the AC oscillation effect has an amplitude of rotation of at least 0.1 • ; based on the statistical power of the DC search conducted in Ref. [105] , we estimate that, at a minimum, this region may be excludable at 95% confidence given current sensitivity of the Planck measurements, although this would require a dedicated time-series analysis to confirm. The dotted red line indicates the reach of the AC oscillation search if a 0.01 • rotation amplitude were detectable, as an example of future potential. For comparison, the reach for the AC search exceeds the current (respectively, future) washout reach for a rotation amplitude of 0.059 • (0.022 • ). Note that all of our bounds and projections are upward-sloping diagonal lines g φγ ∝ m φ because all the rotation effects are ∝ g φγ φ0, * , while m 2 φ φ 2 0, * ∝ const.; see Eqs. (35) and (38) . The vertical grey line marked 'Lyman-α' denotes the smallest axion mass claimed to be consistent at 95% confidence with observed small-scale structure in the Lyman-α forest [112] . The graduated shaded grey region labelled 'small-scale structure' is where the axion de Broglie wavelength is large enough to cause tension with observed galactic small-scale structure [16] . The horizontal grey shaded region is the current 95%-confidence exclusion limit from CAST [119] . The horizontal dashed grey line is a limit arising from conversion to gamma-rays in galactic magnetic fields of axions emitted by SN1987A [120] (we take their '10.8M , Jansson and Farrar' limit).
with the observed C XY,l auto-and cross-correlation power spectra being defined as
for X, Y ∈ {T, E, B}. Up to the limitations imposed by cosmic variance, the observed C obs. XY,l are compared to the true C XY,l ≡ C obs.
XY,l (with · · · denoting the average over the ensemble of possible statistical realizations of the sky), which are a prediction of the cosmology of interest. From this, it is clear that an axion-induced reduction in the amplitude of Q(n) and U (n) point-by-point on the sky will result in a reduction in the amplitudes of the C T E,EE,BB power spectra compared to the values expected for these quantities in a base ΛCDM cosmology with the amplitude of C T T held fixed. Quantitatively, the relevant effects are (assuming that φ * (n) ≈ φ * is independent ofn, except for small fluctuations):
implying that 17
where φ * is as defined at Eq. (46) . For values of g φγ φ * such that J 0 (g φγ φ * ) = 1 − δ for some δ 1, it follows that the fractional reduction in the EE power spectrum, |(∆C EE,l )/C EE,l | ∼ 2δ, is approximately twice the fractional reduction in the T E power spectrum, |(∆C T E,l )/C T E,l | ∼ δ.
Note, however, that the approach outlined above is only correct for those 'pristine' CMB multipoles that have not been significantly re-processed since the decoupling epoch; this prescription fails at low-l, since the polarization power for l 20 is significantly contaminated by polarization generated by rescattering after reionization [125] . We will therefore mostly confine our attention to the high-l multipoles (l 50) of the CMB power spectra, which reflect the polarization imprinted at the last scattering surface.
In order to estimate the current constraining power of CMB data on the washout effect, we make use of the fullmission Planck [115] results for the measured power spectra, along with the current best-fit ΛCDM model (specifically, the Planck TT+TE+EE+lowE+lensing fit [115] ).
Current bound: approximate analysis
We first perform an approximate analysis, considering only 50 ≤ l ≤ l max to avoid the low-l reionization bump (l max = 1996 is the highest available Planck polarization multipole [115] ). In this multipole range, there is within ΛCDM models a single undetermined overall normalization, A ∝ A s e −2τ , which governs the C {T T,T E,EE},l spectra [116, 117] ; this is the most obvious ΛCDM parameter combination whose variation could partially compensate the polarization washout effect. 18 Therefore, we profile over the joint overall normalization A of the three power spectra in performing a one-parameter profile likelihood ratio test for the alternative hypothesis that assumes the existence of a non-zero polarization reduction parameter r ≡ g φγ φ * (m φ ) , with φ * (m φ ) ≈ φ * (m φ ) as in Eq. (36), against the null-hypothesis of no polarization reduction, r = 0. Quantitatively, we define 19
and where l max = 1996, C observed XY,l is the Planck observed power, C theory XY,l is the best-fit (TT+TE+EE+lowE+lensing) prediction of the base ΛCDM model, and u(C observed XY,l ) is the uncertainty in the C observed XY,l (all as quoted by Ref. [115] ). We form the test-statistic ∆χ 2 (r) ≡ −2 ln L(r;Â(r)) L(r = 0;Â(r = 0)) ,
17 Note that since the temperature and polarization maps are imperfectly correlated [123, 124] , it is appropriate to treat the effects at the lower of the power spectra, and in particular to incorporate cosmic-variance uncertainties on all the power spectra. 18 To develop an intuitive understanding for why this compensation can occur, take the crude approximation u(C l ) ∝ C l ; each term in the sum over l in Eq. (55) would then take the approximate form
where δ ≈ r 2 /4 for small r, if exact agreement between the observed and theory C l is additionally crudely assumed. If A = 1 is fixed, this term contributes an amount ∼ 5δ 2 to the sum; on the other hand, if A is profiled over and allowed to float to A = 1 + r, then the contribution to the sum is only ∼ 2δ 2 . Failure to profile over A would result in setting a bound on r a factor of ∼ (5/2) 1/4 ≈ 1.25 too strong (although note that this heuristic argument should not be taken seriously in any quantitative sense). 19 We make the approximation that we may ignore any off-diagonal elements in the covariance matrix in constructing this likelihood.
where hatted quantities are the best-fit values of parameters given a fixed value of r. 20 The one-parameter 95%confidence limit is then obtained as ∆χ 2 (r 95 ) = 3.84; or, expressed in terms of a bound on g φγ φ * (m φ ):
[approximate] (59) where in the second line we have used the expansion of the Bessel function as the argument is necessarily small in the vicinity of the limit.
Current bound: full analysis
The exclusion limit at Eq. (59) from the analysis procedure of Sec. V A 1 is approximate. In order to give a rigorous exclusion limit from the current Planck data, we undertook a more complete analysis in which we profiled over the full six-dimensional ΛCDM base parameter set Θ ≡ (Ω b h 2 , Ω c h 2 , 100 θ mc , τ, ln(10 10 A s ), n s ). We form the test-statistic for the one-parameter profile likelihood ratio test on r as 21
utilizing camb [118] to compute the necessary power spectra, and sampling the ΛCDM parameters to find the best fit parameters using Monte Carlo (MC) techniques. As this is computationally intensive, we were informed in our choices of the values of r to investigate by the results of our approximate analysis of Sec. V A 1. Moreover, excluding the low-l multipoles completely in this full analysis would lead to an almost unconstrained parameter degeneracy between A s and τ . In this part of our analysis we therefore retain all multipoles down to l = 2, but in order to not incorrectly wash out the polarization of the non-pristine multipoles at l 20, we replace the function f XY (r) as defined at Eq.
with l 0 = 20 and δl = 5; this approximate choice only turns the polarization washout effect on for l 20, and it breaks the parameter degeneracy in the same sense that the low-l reionization bump usually breaks this parameter degeneracy in base ΛCDM models.
This more rigorous analysis procedure yields a one-parameter 95%-confidence exclusion bound given the current Planck data of 1 − J 0 (g φγ φ * (m φ )) ≤ 5.8 × 10 −3 (i.e., a 0.58% reduction in Q ± iU ) (61)
which is a weakening of the limit on g φγ at fixed m φ by 9% as compared to the approximate bound shown in Eq. (59). Eq. (62) gives the bound shown in the green shaded region in Fig. 2 . Our full analysis thus validates the approximate approach of Sec. V A 1 within 10%, and also definitively settles the question as to whether any multi-parameter combinations of base ΛCDM parameters can completely mimic or compensate our effect: no such combinations exist.
Future reach
In order to give a perhaps optimistic estimate where this search could reach in the future, we assume that the T T , T E, and EE power spectra can all be measured at the cosmic-variance limit from l = 50 to l max = 3000 with the same sky coverage as Planck, f sky = 0.577 [115] . At large l, the results of Ref. [126] indicate that the likelihood for observing the dataĈ l ≡ (Ĉ T T l ,Ĉ T E l ,Ĉ EE l ) given a model predicting C l ≡ (C T T l , C T E l , C EE l ) is approximately a multivariate Gaussian with the covariance matrix 22
in the limit where cosmic variance dominates noise. For our estimate for future sensitivity, we revert to the approximate analysis procedure of Sec. V A 1, having verified in Sec. V A 2 that it is accurate within 10% for setting exclusion bounds. As we are setting a future projected exclusion bound on r ≡ g φγ φ * (m φ ) , we take as our 'data' the predictions of the Planck TT+TE+EE+lowE+lensing best fit [115] base ΛCDM model assuming no polarization washout:Ĉ l ≡ (C l ) Planck ΛCDM best fit (which we re-compute using camb [118] ). 23 The 'theory' we fit to these data, C l , is taken to be the modified ΛCDM prediction with washout that was used at Eqs. (55) and (56):
Planck ΛCDM best fit . Our likelihood function for the one-parameter profile likelihood ratio test on r is thus
Performing the same profile likelihood ratio test as contemplated at Eq. (57), we find that our estimate for a future 95%-confidence exclusion bound under these assumptions is given by
which is a factor of ∼ √ 7 better than the current limit given at Eq. (62) . The green dashed line in Fig. 2 shows the result at Eq. (67). Of course, if higher multipoles can be probed at the cosmic-variance limit, this reach could potentially be improved further; however, significant foregrounds exist for the temperature maps above l ∼ 3000 (see, e.g., Ref. [128] ), so sensitivity estimates are more complicated to make.
Further discussion
In all of the above, we have neglected the small fluctuations in the value of φ * (n) across different locations in the sky owing to fluctuations in the DM density; these would induce only a very small (fractionally ∼ 10 −5 ) modulation on top of the uniform amount by which the amplitudes of C T E,EE,BB are reduced from their base ΛCDM predicted values. Additionally, the approximation φ * ≈ φ * is valid to within (at worst) 10%, as the visibility function is sufficiently fairly sharply peaked around z ∼ z * .
Finally, as we noted in Sec. IV C, there is no unsuppressed net (DC) rotation of the polarization at any point on the sky induced by the axion field at last scattering; there will only be a residual 'last uncancelled period' effect (i.e., an incomplete cancellation of the positive and negative polarization rotation angle deviations averaged over the CMB decoupling epoch), and this will be suppressed by a factor of ∼ ∆t osc. /∆t decoupling 10 −5 . Thus, the usual birefringence searches for a conversion of CMB polarization E modes into B modes are not very useful to search for a dark-matter axion since the field oscillates rapidly at the decoupling epoch; see also comments in this regard in Refs. [107, 108] . Of course, there is still an overall AC polarization rotation due to the late-time effect of the axion field today (at the position of the detector). We analyze this in the next subsection. 22 We have also checked that may approximate the covariance matrix by its diagonal entries with essentially negligible impact on the estimated future bound. Note however that, since the T E-T E diagonal entry of Σ l is not just proportional to (C T E l ) 2 , one must still always still run, e.g., camb [118] to obtain an accurate value for the ratio
In considering the AC oscillation effect, we ignore the power reduction from the previous subsection. Searches for the Q(n) ↔ U (n) oscillation effect in Eq. (45) require dedicated analyses to be performed by CMB experimental collaborations as the real on-the-sky variation of the polarization pattern on timescales short or comparable (∼ a few hours to a few years) to the total observation times (∼ months to years) demands consideration of non-public time-series data; such an analysis is beyond the intended scope of this work.
However, we can provide a rough, minimal estimate for the reach of such a search. Most recently, Planck [105] has performed an analysis looking for an all-sky DC rotation of polarization that would give rise to a rotation of E modes into B modes, and have quoted null results (within uncertainties) for such searches that have statistical 68% uncertainties at the 0.05 • level on the all-sky rotation angle [105] ; see, e.g., Refs. [102, 103] for older analyses with lower precision. The systematic uncertainties on such searches are much larger, at the 0.3 • level [105] , but are dominated by uncertainty in the absolute calibration of the relative orientation of the bolometers [105] (but see, e.g., Ref. [129] for possible improvements in absolute calibration possible for ground-based detectors), which is irrelevant for an AC oscillation search so long as a fixed reference frame for the experiment can be maintained.
We estimate that a search in, e.g., the Planck time-series data for an oscillation signal should be able to resolve an oscillation with an amplitude roughly approaching the statistical power of the searches for these all-sky DC effects, although we have not considered in detail the impact of possible confounding systematic effects for such a search. Based on this estimate, we assume a limit on the amplitude of the AC oscillation (g φγ φ 0 /2) of 0.1 • , at least, would be attainable at 95% confidence in an analysis of currently existing time-series data, leading to
this gives the dash-dotted red line in Fig. 2 . As an example of the possible reach of this technique, we consider the impact of improving the sensitivity to the AC oscillation amplitude to 0.01 • (g φγ φ 0 ≤ 3.5 × 10 −4 ); since the amplitude of the rotation ∝ g φγ , this would correspond to the factor-of-10 improvement in the coupling reach compared to Eq. (69) that is shown with the dotted red line in Fig. 2 . For comparison, the reach for the AC search exceeds the current (respectively, future) washout reach for a rotation amplitude of 0.059 • (0.022 • ). Note that with the minimal assumed sensitivity of the AC oscillation effect, both the washout and AC effects have similar reach, but since the AC oscillation effect is proportional to g φγ , while the washout effect is proportional to √ g φγ and is almost cosmic-variance limited already, the AC effect holds more promise for increased future reach.
In particular, we do not attempt to estimate the ultimate reach of this technique here, though it could possibly be significantly better than the reach shown in Fig. 2 . The minimal reach estimate we have used comes from what is already possible for measuring the static, absolute value of the polarization. However, the effect we are looking for should be easier to measure since many of the limitations of the static search do not apply to a time-oscillating signal.
While we have based our reach estimates here on Planck results, searches for the AC effect are of course possible with time-series data from any of the existing or proposed ground-based, polarization-sensitive CMB experiments (e.g., BICEP and the Keck Array [130] [131] [132] , ACTpol [133] , SPTpol [134] , POLARBEAR-2 [135] , Simons Observatory [136] , etc.). 24 A dedicated experiment built to search for oscillating CMB polarization could also potentially have a significantly greater sensitivity to the AC effect than we plot in Fig. 2 ; we defer a detailed examination of this point to future work.
Aliasing and averaging effects will complicate setting experimental bounds for sufficiently short axion periods (high m φ ) compared to, respectively, the interval between successive measurements of the same point on the sky, and the time for 'one observation' during the overall integration time for any experiment. Although aliasing effects render an experiment blind to certain specific axion masses (i.e., frequencies), they do not generally imply a loss of sensitivity at other masses; they are also mitigated against by the existence of multiple CMB polarization experiments which all have distinct survey strategies. Moreover, with respect to the averaging effect, note that by 'one observation' we do not mean the time required to integrate to get a decent statistical uncertainty on the polarization, but rather the much higher data acquisition rate of the experimental apparatus. Given that the axion coherence time ∼ (m φ v 2 ) −1 ∼ 10 6 /m φ is much longer than the oscillation period ∼ 1/m φ , 25 it is possible through appropriate data analysis to extract an oscillatory AC signal even when the 'single observation data points' are individually quite noisy. However, as can be seen from Fig. 2 , the relevant axion periods in the parameter range of interest to us are generally quite long, and certainly much longer than the data acquisition rates of modern CMB experiments; we have thus ignored complications from this effect in estimating the reach in our parameter range of interest.
VI. DISCUSSION OF PREVIOUS WORK
In this section we distinguish the present paper from prior relevant work in the literature in some detail, supplementing the comments in this regard that we have already made in Secs. I and II.
Ref. [107] 26 derives the effects on the CMB of a time-varying axion field (see also Refs. [69, 74, 97] ). The authors of Ref. [107] note and examine numerically that the usual static rotation approximation (i.e., the usual treatment of 'cosmic birefringence' for cosmologically slowly varying fields) fails to accurately capture all relevant effects when the axion field oscillates rapidly; in particular, the comparison shown at their Fig. 6 between this full numerical evolution and results based on the static rotation approximation do hint at some of the polarization washout features we have examined in the present work. However, Ref. [107] does not give an explanation or derivation of the polarization washout effect, nor does it employ the numerical results hinting at it in setting limits on the axion.
Separately, a number of recent works (e.g., Ref. [110] in the CMB context, and Ref. [58] in an astrophysical context) have treated the net rotation angle accumulated by a photon traversing N different coherently oscillating axion DM patches by summing incoherently over the mean-square rotation angles from each patch, obtaining a 'random-walk' √ N enhancement. As we have shown, such a treatment is erroneous, as the net rotation is simply proportional to the difference of axion field values at photon emission and photon absorption, independent of the intervening behaviour of the axion field [50] . 27 One other related previous work of which we are aware, Ref. [109] , looks for static anisotropic birefringence induced by axion dark matter at the time of last scattering; however, as we have discussed, axion dark matter does not actually exhibit an unsuppressed signal of this type, as the net rotation angle induced at the last scattering surface averages to approximately zero point-by-point on the sky.
Our bounds compare favourably with some recent analyses of polarization rotation induced by axion dark matter in astrophysical contexts: over the relevant range of masses, we exceed by a factor of a few the limits set in Ref. [59] from considering AGNs as the polarized source; 28 and our limits are comparable to the recently revised (see footnote 27) projections made in Ref. [60] , and limits set in Ref. [61] , 29 using pulsars as the linearly polarized source.
In summary, our work is to our knowledge the first to call attention to the AC oscillation effect in the CMB context (although see Refs. [58] [59] [60] [61] for recent analyses in astrophysical contexts employing this idea), and the first to give a clear derivation of the polarization washout. Moreover, we urge caution in utilizing previous CMB-based birefringence bounds on the axion dark matter parameter space that have not considered the effects of the rapid time-variation of the field at the decoupling epoch.
VII. CONCLUSION
In this work, we proposed a new technique to search for axion dark matter in the lowest allowed mass range. In particular, this appears to be one of the most sensitive ways to directly detect (theoretically well-motivated) axiontype fuzzy dark matter [16] . We found that axion dark matter has two novel effects on the polarization of the CMB. First, a uniform reduction in polarization power from the standard ΛCDM expectation for all l 20. This arises from the axion field oscillating many times during the CMB decoupling epoch, resulting in a washout of imprinted polarization as compared to the net polarization expected to be imprinted by the local CMB temperature quadrupole polarization source at last scattering. Second, a real on-the-sky AC oscillation of the CMB polarization at the period of the axion field, which is amenable to experimental detection, but which requires detailed and dedicated time-series analyses by CMB experimental collaborations.
The washout effect is quadratic in a small number, the axion field times the axion-photon coupling (∼ g 2 φγ φ 2 ), but arises from early times when the axion field is larger. The AC effect is linear in the axion field times the coupling (∼ g φγ φ), but arises from late times when the axion field is smaller. Given the current and projected sensitivities as shown in our main results in Fig. 2 , these two effects are seen to be of roughly comparable reach in constraining axion parameter space in the fuzzy dark matter region m φ ∼ 10 −19 -10 −22 eV. Indeed, we have used the washout effect to set a bound on axion dark matter using current Planck results that is several orders of magnitude beyond previous limits. This bound is already close to the ultimate cosmic-variance-limited reach for this effect; see Fig. 2 .
Beyond setting limits, both effects have discovery potential. No CMB physics can mimic either effect, and the AC effect especially appears distinct from any cosmological background. Of course, as in any precision experiment, care must be taken to eliminate other backgrounds, but there are strong checks on a positive signal. For example, all CMB detectors must see the same effect; in particular, the signal for the AC effect must be in phase in the different detectors. This would be dramatic confirmation of a detection. For the future, the AC effect, though requiring a dedicated analysis, has the greater potential reach since it is linear in the coupling (and not limited by cosmic variance). We have drawn two representative curves in Fig. 2 for the AC analysis, but we suspect that the ultimate reach of this method could even be beyond either of these. Thus, undertaking these AC analyses is important as this is ultimately the better way to search for axion dark matter in the lowest mass ranges.
In general, there are multiple ways to directly search for axion dark matter in the lighter part of its mass range, both with terrestrial experiments (e.g., Refs. [138] [139] [140] [141] [142] [143] [144] ) and astrophysical observations (e.g., Refs. [59] [60] [61] ). CMB polarization appears to be one of the most promising approaches for the very lightest end of the axion mass range, and offers the exciting possibility of directly detecting fuzzy dark matter.
Consider the following solution ansatz for Eq. (A4):
where F σ and G σ are real functions. Substituting into Eq. (A4), we have
Equating the real and imaginary parts, we have, using that ∂ 2 x ln A + (∂ x ln A) 2 = ∂ 2 x A/A for x ∈ {η, z},
In order to make progress, we introduce a formal small parameter by assuming that φ, F σ , and G σ are functions of 'slow' time (space) variables τ (ξ) which are considered to vary slowly on the scale of 1/ω (1/k):
Substituting into Eqs. (A7) and (A8), we obtain
where we have defined n 0 ≡ k/ω. Consistent with these equations up to corrections at O( 2 ), we have n 0 = 1 (A13)
by appropriate choice of the constants, we immediately arrive at the desired result, Eq. (3). Note that we have not assumed that g φγ φ is small in the above derivation, only that φ varies slowly on the time or length scales of the photon field.
Appendix B: Stokes parameters
We define the Stokes parameters following the conventions of Ref. [145] . Suppose that the electric field can be written as (the real part of)
The Stokes parameters (I, Q, U, V ) defined with respect to these frames are I ≡ |ê 1 · E| 2 + |ê 2 · E| 2 = |E 1 | 2 + |E 2 | 2 (B3) ≡ |ê * + · E| 2 + |ê * − · E| 2 + = |E + | 2 + |E − | 2 (B4) Q ≡ |ê 1 · E| 2 − |ê 2 · E| 2 = |E 1 | 2 − |E 2 | 2 (B5)
where ϕ X is defined by E X ≡ |E X |e iϕ X for any X ∈ {1, 2, +, −}. A field which is linearly polarized has V = 0; V = 0 implies elliptical polarization, with V = ±I implying circular polarization of helicity ±1. A linearly polarized field with Q > 0, U = 0 is polarized along theê 1 -axis (E 1 = 0 and E 2 = 0); whereas a linearly polarized field with Q < 0, U = 0 is polarized along theê 2 -axis (E 2 = 0 and E 1 = 0). On the other hand, a linearly polarized field with U > 0, Q = 0 is polarized along the (ê 1 +ê 2 )-axis (E 1 = E 2 ); whereas a linearly polarized field with U < 0, Q = 0 is polarized along the (ê 1 −ê 2 )-axis (E 1 = −E 2 ). See Fig. 1 , but note that we define the Stokes parameters there in terms of theê ϑ (n) andê ϕ (n) axes.
